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ABSTRACT. We consider a continuous strong Markov process
on a state space with a symmetry structure, and describe the be-
havior of its exit distribution, sojourn time, and transition func-
tion in an open set D when polarization is applied to D. This
result generalizes known theorems for Brownian motion on Eu-
clidean space. We apply the result to solutions of stochastic dif-
ferential equations to obtain a comparison theorem for second-
order elliptic partial differential equations.

1. INTRODUCTION

Let {xt}, t ≥ 0 be a continuous standard process with state space a metrizable
topological space E; (for the definition of standard process see e.g. [10, p.104]).
The probability measures and the expectations associated with {xt} will be de-
noted by Px and Ex, x ∈ E. We will study the behavior of transition function,
exit distribution and sojourn time of {xt} in an open set D ⊂ E under the geo-
metric transformation called polarization.

In order to define the polarization of D, we need to impose a symmetry struc-
ture on the state space E: We assume that E = E+ ∪̇ Eo ∪̇ E− (here and below ∪̇
means disjoint union), where E+, E− are open sets called the upper half space and
the lower half space. The set Eo is the plane of symmetry. We also assume that there
is a one-to-one, continuous, open mapping (the reflection in Eo) E 3 x , x̂ ∈ E
such that
(a) If x ∈ E+, then x̂ ∈ E−.
(b) If x ∈ E−, then x̂ ∈ E+.
(c) If x ∈ Eo, then x̂ = x.
It follows from these conditions that ∂E± ⊂ Eo. Therefore every continuous path
joining a point in E+ with a point in E− must hit Eo. Of course, we have in mind
the Euclidean spaces Rn, n ≥ 1, and other manifolds symmetric with respect to
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some hyperplane or hypersphere. We will say that a space with the above prop-
erties has a symmetry structure. We will use the following notation: If A ⊂ E,
then A+ := A ∩ E+, A− := A ∩ E−, Ao := A ∩ Eo, Â := {x ∈ E | x̂ ∈ A}. If
x ∈ E+∪E−, then x+ is the member of the singleton {x}+ and x− is the member
of the singleton {x}−.

Let E be a space with a symmetry structure and let A ⊂ E. The polarization
A∗ of A is defined as follows: We divide A into three subsets A1, A2, A3.
A1 = {x ∈ A | x̂ ∈ A} = A∩ Â (the symmetric part of A),
A2 = {x ∈ A | x ∈ E+ and x̂ ∉ A} (the upper non-symmetric part of A),
A3 = {x ∈ A | x ∈ E− and x̂ ∉ A} (the lower non-symmetric part of A).
Then A = A1 ∪A2 ∪A3. The polarization A∗ of A is the set

A∗ := A1 ∪A2 ∪ Â3.
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Figure 1: A set A and its polarization A∗.

It is clear that the polarization of an open set is open. By an ingenious method
due to V. Wolontis [19], various types of symmetrization can be approximated by a
sequence of polarizations. Wolontis worked in the plane and V. Dubinin and oth-
ers extended the method to higher dimensions. We refer to [1], [4], [6], [8], [9],
[?Sol] for the history, main properties, and various applications of polarization in
complex function theory, potential theory, differential equations, and Brownian
motion.

A Markov process {xt} on a state space E with a symmetry structure will be
called symmetrical if

(1.1) Px(xt ∈ A) = Px̂(xt ∈ Â),
for all Borel sets A ⊂ E and all times t ≥ 0. In terms of the transition function of
the process, the condition (1.1) is written as

(1.2) P(t, x,A) = P(t, x̂, Â).
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If A is an open set in E, τA will denote the first exit time of {xt} from A;
see [10, Chapter 4]. Also, if O ⊂ D ⊂ E then GD(x,O) will denote the expected
length of time that the process (starting at x ∈ D) stays in O before exiting D, i.e.,

GD(x,O) = Ex
∫ τD

0
χO(xt)dt;

see [11, p.55]. Some authors call GD(x, ·) the Green measure [14]. Suppose
that B is a Borel subset of ∂D. Then πD(x, B) := Px(xτD ∈ B;τD < ∞),
namely πD(x, B) is the probability that xt hits B upon exiting D. By PD(t, x,O),
we denote the transition function for the process killed upon exiting D, that is,
PD(t, x,O) := Px(xt ∈ O, t < τD).

Our main result is the following theorem.

Theorem 1.1. Let {xt} be a symmetrical, continuous standard process on a state
space E with a symmetry structure. Let D ⊂ E be an open set and let x ∈ Do.
(a) If B is a Borel set on ∂D such that B∗ ⊂ ∂D∗, then

(1.3) πD(x, B) ≤ πD∗(x, B∗).

(b) We have

(1.4) ExτD ≤ ExτD∗ .

(c) If O is an open subset of D, then

(1.5) GD(x,O) ≤ GD∗(x,O∗).

(d) If O is an open subset of D and t > 0, then

(1.6) PD(t, x,O) ≤ PD∗(t, x,O∗).
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Figure 2: An illustration for Theorem 1.1.
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For Brownian motion in Rn, the inequality (1.3) was proved in [4] and [17]
but these papers use the language of classical (and not probabilistic) potential the-
ory. The behavior of conditional Brownian motion under polarization is studied
in [5].

The proof of Theorem 1.1 is in Section 2. In Section 3, we consider the special
case where the Markov process is generated by a differential operator and obtain a
comparison theorem for second-order elliptic partial differential equations.

2. PROOF OF THEOREM 1.1

In this section we prove Theorem 1.1. An important role in the proof will be
played by the following four identities which follow from the strong Markov prop-
erty and the continuity of paths, see [10, p.114], [11, p.58]. We state the identities
in the context of Theorem 1.1 and not in their greatest generality. The set H is an
open subset of D; the other notation is as in the statement of the theorem.

πD(x, B) = πH(x, B)+
∫
∂H∩D

πH(x,dy)πD(y, B).(2.1)

ExτD = ExτH +
∫
∂H∩D

πH(x,dy)EyτD.(2.2)

GD(x,O) = GH(x,O)+
∫
∂H∩D

πH(x,dy)GD(y,O).(2.3)

Px(xt ∈ O, t < τD) = Px(xt ∈ O, t < τH)(2.4)

+ Ex[Px(τH)(xt−τH ∈ O, t − τH < τD)].

The identity (2.4) is stated in [16, Theorem 2.6.8] for Brownian motion, but
clearly it holds also for every continuous strong Markov process, because its proof
is based on the strong Markov property.

In the definition of the symmetrical Markov process we imposed the condition

P(t, x,A) = P(t, x̂, Â), t ≥ 0, x ∈ E, A ⊂ E.
This symmetry of the transition function implies the symmetry of exit distribu-
tions, exit and sojourn times etc. This can be seen as follows: Consider the canon-
ical process that subordinates the given Markov process. The sample space for
the canonical process coincides with the set ΩE of all paths ω with values in E
that are defined on intervals of the form [0, µ], µ ≥ 0, and xt(ω) = ω(t); see
[10, pp.87-88]. Define a transformation on ΩE: ω , ω̂, where ω̂(t) := ω̂(t).
This is a one-to-one and onto transformation. Thus the canonical symmetrical
Markov process is invariant with respect to reflection (according to the definition in
[10, p.329]). Now Theorem 10.14 in [10, p.330] implies that exit distributions,
exit and sojourn times etc. are all invariant under reflection. Since these quantities
are identical for equivalent Markov processes [10, p.115], their invariance holds
also for the original Markov process.
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Let {xt}, D, B, x, O be as in the statement of Theorem 1.1. Before starting
the proof we need to introduce some more notation (mainly for typographical
convenience). Let ρ := Do, H := D1 (recall that D1 = D ∩ D̂), λ := ∂H ∩ D+,
σ := ∂H∩D−,ψ := σ∪λ. The points of ρ, λ, σ ,ψ will be denoted (respectively)
by r , `, s, y (possibly with lower indices). We also note that D∗+ = (D∗)+,
D∗o = (D∗)o, etc.

λ

σ
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λ σ̂
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D∗

Figure 3: The sets ρ, λ, σ , and σ̂ in D and D∗.

We may assume (without loss of generality; see [10, p.115]) that {xt} is a
canonical process.

We now start the proof of (1.3). Note that the assumption B∗ ⊂ ∂D∗ is
equivalent to B ⊂ ∂D\ψ̂. LetA be the subset ofΩE containing all paths that start
from x and exit D through B at a finite time; it is clear that πD(x, B) = Px(A).

We define two sequences of hitting times as follows: Let

τ1 = inf{t > τH | xt ∈ ρ, t < τD},
T1 = inf{t > τ1 | xt ∈ ψ, t < τD},

and for k ≥ 2,
τk = inf{t > Tk−1 | xt ∈ ρ, t < τD},
Tk = inf{t > τk | xt ∈ ψ, t < τD}.

It is clear that τ1 ≤ T1 ≤ τ2 ≤ T2 ≤ · · · . Let

(2.5) T∞ = lim
k→∞

τk = lim
k→∞

Tk.

Since τk ≤ τD for all k, we have T∞ ≤ τD. If for a path ω we have T∞(ω) <
τD(ω) or T∞(ω) = ∞, thenω ∉A. Based on these observations we decompose
A into a disjoint infinite union

A=A∞ ∪̇ A0 ∪̇ B0 ∪̇ A1 ∪̇ B1 ∪̇ A2 ∪̇ B2 ∪̇ · · · ,
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where

A∞ = {ω ∈A | T∞(ω) = τD(ω)},
A0 = {ω ∈A | τD(ω) = τH(ω)},
B0 = {ω ∈A | τH < τD < τ1},
A1 = {ω ∈A | τ1 < τD < T1},
B1 = {ω ∈A | T1 < τD < τ2},

and for k ≥ 2,
Ak = {ω ∈A | τk < τD < Tk},
Bk = {ω ∈A | Tk < τD < τk+1}.

In other words
A∞ = {all paths in A that start from x, hit alternatively ρ and ψ an infinite

number of times, and exit D through B},
A0 := {all paths in A that start from x and remain in H until they exit D

through B},
B0 := {all paths in A that start from x, exit H through λ∪σ , and then exit D

through B without hitting ρ},
and, in general, for k ≥ 1,
Ak := {all paths in A that start from x, hit alternatively the sets λ ∪ σ and ρ

exactly k times (staying in D), and finally exit H (and D) through B},
Bk := {all paths in A that start from x, hit alternatively the sets λ ∪ σ and ρ

exactly k times (staying in D), then exit H through λ∪σ , and finally exit
D through B without hitting ρ again}.

We show now that

(2.6) P(A∞) = 0.

First observe that x(τk) ∈ ρ̄ and x(Tk) ∈ ψ̄. Therefore x(T∞) ∈ ρ̄∩ ψ̄. Forω ∈
A∞, we have T∞(ω) = τD(ω). Hence we may assume that B∩∂D∩ ρ̄∩ ψ̄ ≠∅;
(otherwise P(A∞) = 0 and we are done). By using the formula (2.1) iteratively,
we obtain

(2.7) P(A∞) =
∫
ψ
πH(x,dy1)

∫
ρ
πD\ρ(y1, dr1)

∫
ψ
πH(r1, dy2)∫

ρ
πD\ρ(y2, dr2) . . .

∫
ψ
πH(rk−1, dyk)

∫
ρ
πD\ρ(yk,drk)πD(rk, B),

for all integers k ≥ 1.
By the symmetry of xt, πH(r ,ψ) ≤ 1

2 , for all r ∈ ρ. Therefore (2.7) implies

(2.8) P(A∞) ≤ 1
2k
.
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Since (2.8) holds for every integer k ≥ 1, (2.6) is proved.
Next, we further decompose each of the sets Ak and Bk as follows:

A0 = [xB],
B0 = [xλB] ∪̇ [xσB],
A1 = [xλρB] ∪̇ [xσρB],
B1 = [xλρλB] ∪̇ [xλρσB] ∪̇ [xσρλB] ∪̇ [xσρσB].

In general, in this way Ak is written as a disjoint union of 2k such bracket sets
and Bk as a disjoint union of 2k+1 bracket sets. The definition of the bracket sets
should be clear. For example [xλρσB] is the set of all paths in B1 that start from
x, exit H through λ, then exit D+ through ρ, then exit H through σ , and finally
exit D− (and D) through B. It is also clear that the bracket subsets of Ak (viewed
as words) have 2k+ 2 letters (k ρ’s, k λ’s or σ ’s, x, and B) and the bracket subsets
of Bk have 2k+ 3 letters (k+ 1 ρ’s, k λ’s or σ ’s, x, and B).

We also consider the set A∗ of all paths in ΩE that start from x and exit D∗
through B∗ at a finite time. It is obvious that πD∗(x, B∗) = Px(A∗). So, in
order to prove (1.3), it suffices to prove

(2.9) Px(A) ≤ Px(A∗).

Working as above, we define the sets A∗∞, A∗
k and B∗k , k = 0, 1, 2, 3, . . . ,

we observe that P(A∗∞) = 0, and decompose each such set into bracket sets. The
only difference is that in the present situation the bracket sets contain the letters
σ̂ and B∗ in place of σ and B.

To prove (2.9), it suffices to prove for k = 0, 1, 2, . . . the inequalities

Px(Ak) ≤ Px(A∗
k ) ,(2.10)

Px(Bk) ≤ Px(B∗k ) .(2.11)

To prove these inequalities, it suffices to show that the probability of every bracket
subset of Ak or Bk is less than or equal to the probability of the corresponding
bracket subset of A∗

k or B∗k . For example we will prove that

(2.12) Px([xλρσρB]) ≤ Px([xλρσ̂ρB∗]).

Using the identity (2.1) iteratively, we obtain

(2.13) Px([xλρσρB])

=
∫
λ

∫
ρ

∫
σ

∫
ρ
πH(x,d`)πD+(`, dr1)πH(r1, ds)πD−(s, dr2)πH(r2, B).
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Similarly for the subset [xλρσ̂ρB∗] of A∗
2 we have

(2.14) Px([xλρσ̂ρB∗])

=
∫
λ

∫
ρ

∫
σ

∫
ρ
πH(x,d`)πD∗+(`, dr1)πH(r1, dŝ)πD∗+(ŝ, dr2)πH(r2, B∗).

We compare the integrands in (2.13) and (2.14): Since D+ ⊂ D∗+ and D̂− ⊂
D∗+, we have

πD+(`, Iρ) ≤ πD∗+(`, Iρ) ,(2.15)

πD−(s, Iρ) ≤ πD∗+(ŝ, Iρ)(2.16)

for all ` ∈ λ, all s ∈ σ , and all Borel subsets Iρ of ρ. Also, by the symmetry of
the process,

πH(r , Iσ ) = πH(r , Îσ ), r ∈ ρ, Iσ ⊂ σ ,(2.17)

πH(r , B) = πH(r , B∗), r ∈ ρ .(2.18)

Now (2.12) follows from (2.13)-(2.18).
In general, a bracket subset of Ak is written as an integral whose integrand is

a product of 2k+ 1 terms. Each term has one of the following forms:

πD+(`, dr), πD−(s, dr), πH(r ,d`), πH(r ,ds), πH(r , B).

The corresponding forms for A∗
k are

πD∗+(`, dr), πD∗+(ŝ, dr), πH(r ,d`), πH(r ,dŝ), πH(r , B
∗).

So, (2.10) follows from (2.15)-(2.18).
Next consider the bracket subsets of Bk. Each one of them is written as an

integral whose integrand is a product of 2k + 2 terms. Each term has one of the
following forms:

πD+(`, dr), πD−(s, dr), πH(r ,d`), πH(r ,ds), πD+(`, B), πD−(s, B).

The corresponding forms for B∗k are

πD∗+(`, dr), πD∗+(ŝ, dr), πH(r ,d`), πH(r ,dŝ), πD∗+(`, B
∗), πD∗+(ŝ, B

∗).

If, in addition to (2.15)-(2.18), we use the inequalities

πD+(`, B) ≤ πD∗+(`, B∗), ` ∈ λ ,(2.19)

πD−(s, B) ≤ πD∗+(ŝ, B∗), s ∈ σ ,(2.20)

we obtain (2.11).
So we proved (1.3). The proof of (1.4) and (1.5) is similar. We use
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(a) a decomposition of the pertinent subsets of the sample space into bracket sets;
(b) integral representations that come from the identities (2.2), (2.3);
(c) domain monotonicity inequalities and symmetry equalities, e.g.

GD+(s,O) ≤ GD∗+(ŝ,O∗), s ∈ σ ;

GH(r ,A) = GH(r ,A∗), r ∈ ρ, A ⊂ H ∩O.

The details are left to the reader.
The proof of (1.6) follows the same scheme but there are some differences in

the details. Let

C = {ω ∈ ΩE |ω(t) ∈ O, t < τD},
C∗ = {ω ∈ ΩE |ω(t) ∈ O∗, t < τD∗}.

So we have to prove that

(2.21) Px(C) ≤ Px(C∗).
Ifω ∈ C, then t < T∞(ω), becauseω(T∞) ∉ D; (recall that T∞ is defined in

(2.5)). Therefore there exists a positive integer no = no(ω) such that τ1 ≤ T1 ≤
τ2 ≤ T2 ≤ · · · ≤ τno ≤ t ≤ τno+1. That is, every path in C hits alternatively the
sets ρ and ψ a finite number of times. Based on this observation we decompose C
into bracket sets:

C = [x] ∪̇ [xλ] ∪̇ [xσ] ∪̇ [xλρ] ∪̇ [xσρ] ∪̇ [xλρλ]
∪̇ [xλρσ] ∪̇ [xσρλ] ∪̇ [xσρσ] ∪̇ [xλρλρ] ∪̇ · · · .

For example, [xλρσ] is the set of pathsω ∈ C that start from x, exit H through
λ, then exit D+ through ρ, then exit H through σ , and finally exit D without
hitting ρ again. For C∗ the decomposition is somewhat different:

C∗ = [x]∗ ∪̇ [xλ]∗ ∪̇ [xλσ̂]] ∪̇ [xσ̂]∗ ∪̇ [xσ̂λ]]
∪̇ [xλρ]∗ ∪̇ [xσ̂ρ]∗ ∪̇ [xλρλ]∗ ∪̇ [xλρσ̂]∗ ∪̇ [xσ̂ρλ]∗

∪̇ [xσ̂ρσ̂]∗ ∪̇ [xλρλσ̂]] ∪̇ [xσ̂ρλσ̂]] ∪̇ [xλρλρ]∗ ∪̇ · · · .

We explain the above notation: In the decomposition of C∗ we have two types of
bracket sets: the∗-brackets (with index ∗) and the ]-brackets (with index ]). The
∗-brackets are completely analogous with the bracket sets of C. The ]-brackets
contain paths that have at least one part that travels from λ to σ̂ (or from σ̂ to λ)
without hitting ρ. Formally, this is expressed by the juxtaposition of the letters λ,
σ̂ in the ]-brackets (this cannot occur in the bracket sets of C).

By using (2.4) iteratively we prove that each bracket set of C has at most as
much probability as it has the corresponding ∗-bracket of C∗. Since C∗ contains
also additional terms (the ]-brackets) we conclude that (2.21) is true.
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Remarks A.
1. The inequality (1.4) can be also proved directly by setting O = D in (1.5).
2. The proof of (1.3) for Brownian motion in [4] uses special properties of Brow-

nian motion which do not hold for the more general processes we study here.
Note that all the “polarization content” in the present proof of (1.3) is incor-
porated in the trivial domain-monotonicity inequalities (2.15), (2.16), etc.

3. The method of proof can be applied for the proof of polarization and sym-
metrization results for certain discrete time Markov processes such as random
walks or more general Markov chains.

4. In a recent paper [7] A.Burchard and M.Schmuckenschläger proved some re-
lated comparison results for the exit probabilities of Brownian motion. Their
method is different but has some similarities with ours. They consider only
Brownian motion and give complete description of the equality cases.

3. APPLICATION TO PARTIAL DIFFERENTIAL EQUATIONS

The Euclidean space Rn, n ≥ 2, has the symmetry structure

Rn 3 (x1, x2, . . . , xn−1, xn) = x , x̂ := (x1, x2, . . . , xn−1,−xn) ∈ Rn.

Let D be a domain in Rn. We consider the differential operator L defined by

(3.1) Lu =
n∑

i,j=1

aij
∂2u
∂xi∂xj

+
n∑
i=1

bi
∂u
∂xi

+ c u, u ∈ C2(D).

We assume that:
(1) The coefficients aij and bi are Lipschitz continuous functions in Rn; also

aij = aji.
(2) The coefficient c is a continuous function in Rn and c(x) ≤ 0, for all x ∈ Rn.
(3) The operator L is semi-elliptic. This means that the matrix a(x) := [aij(x)]

is non-negative definite for all x ∈ Rn (its eigenvalues are non-negative).
(4) The matrix a(x) can be represented in the form a(x) = ( 1

2)ξ(x) · ξ(x),
where ξ(x) is a matrix whose entries are Lipschitz continuous in Rn.

(5) For all x ∈ Rn, aij(x) = aij(x̂), bi(x) = bi(x̂), c(x) = c(x̂), i, j = 1, 2,
. . . , n.
Consider the stochastic differential equation

(3.2) dXt = ξ(Xt)dBt + b(Xt)dt,

where Bt is n-dimensional Brownian motion. Under the assumptions (1)-(4),
the equation (3.2) has a unique solution {Xt}, which is an Itô diffusion; see e.g.
[14, Theorem 5.2.1, Definition 7.1.1]. It is well-known that an Itô diffusion is a
continuous strong Markov process (see e.g. [3], [12], [13], [14]).
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The entries of the matrix ξ have the property ξij(x) = ξij(x̂), x ∈ Rn,
because ξ(x) is given by the complex integral

(3.3) ξ(x) = 1
2πi

∫
Γ
√
z(a(x)− zI)−1 dz,

where Γ is a closed loop in the right half-plane containing inside all positive eigen-
values of a(x) and I is the identity matrix; see [12, p.192], [13, p.128]. Equation
(3.3) shows that the symmetry of ξ follows from the symmetry of a. So the co-
efficients of the stochastic equation (3.2) are symmetric. Now, it follows from the
construction of its solution {Xt} by Picard’s approximation that {Xt} is symmet-
rical.

The differential generator of {Xt} is the operator

n∑
i,j=1

aij
∂2

∂xi∂xj
+

n∑
i=1

bi
∂
∂xi

.

An application of the Feynman-Kac formula shows that by killing {Xt} at a suit-
able random time we obtain a new Markov process {xt} with generator the given
operator L (see [14, p.137-138], [3, p.49-50]). The killing time depends on the
coefficient c of L, and the symmetry of c (assumption (5)) implies that {xt} is
symmetrical. We denote by Px , Ex the probabilities and expectations for {xt}.

For the domain D we make the assumption
(6) For all x ∈ D, Px(τD < ∞) = 1 and for all x ∈ D∗, Px(τD∗ <∞) = 1.

We also consider two functions f and ϕ. For the function f we assume that
(7) f ≥ 0, f is continuous in D and

(3.4) Ex

[∫ τD
0
f(xt)dt

]
<∞.

For the function ϕ we assume that
(8) ϕ ≥ 0, ϕ is continuous and bounded in ∂D and ϕ = 0 on λ̂∪ σ̂ ;
(see Section 2 for the notation λ, σ ).

We extend f and ϕ to Rn by setting f(x) = 0, x ∈ Rn \D and ϕ(x) = 0,
x ∈ Rn \ ∂D, and consider their polarizations f∗ and ϕ∗. These are functions
defined by the formulae

f∗(x) =
{

max{f(x), f (x̂)}, x ∈ D∗+ ∪Do,
min{f(x), f (x̂)}, x ∈ D∗−,

and

ϕ∗(x) =
{

max{ϕ(x),ϕ(x̂)}, x ∈ (∂D∗)+ ∪ (∂D)o,
min{ϕ(x),ϕ(x̂)}, x ∈ (∂D∗)−.
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It is clear that f∗ andϕ∗ are non-negative, continuous functions on D∗ and ∂D∗
respectively. We assume that

9. for the function f∗ we have

(3.5) Ex

[∫ τD∗
0

f∗(xt)dt
]
<∞.

We will prove a comparison theorem for the following boundary value prob-
lems Lu = f , in D,

lim
D3x→xo

u(x) =ϕ(xo), xo ∈ ∂D,(3.6)

and Lu = f
∗, in D∗,

lim
D∗3x→xo

u(x) =ϕ∗(xo), xo ∈ ∂D∗.(3.7)

Theorem 3.1. Let v ∈ C2(D) be a bounded solution of problem (3.6) and
w ∈ C2(D∗) be a bounded solution of problem (3.7). Then for every yo ∈ Do,

(3.8) v(yo) ≤ w(yo).

Assume, in addition, that either L is elliptic or c < 0. Then

v(y) ≤ w(y∗), y ∈ D,(3.9)

and
v(y)+ v(ŷ) ≤ w(y)+w(ŷ), y ∈ D ∩ D̂.(3.10)

Proof. By (a slight extension of ) Corollary 9.1.2 in [14],

v(x) = Ex[ϕ(xτD)]+ Ex
[∫ τD

0
f(xt)dt

]
, x ∈ D;(3.11)

w(x) = Ex[ϕ∗(xτD∗ )]+ Ex
[∫ τD∗

0
f∗(xt)dt

]
, x ∈ D∗.(3.12)

Let yo ∈ Do. We will prove that

Eyo[ϕ(xτD)] ≤ Eyo[ϕ∗(xτD∗ )] ,(3.13)

Eyo

[∫ τD
0
f(xt)dt

]
≤ Eyo

[∫ τD∗
0

f∗(xt)dt
]
.(3.14)

If ϕ [or f ] is a characteristic function, then (3.13) [or (3.14)] follows at once
from the inequality (1.3) [or (1.5)] of Theorem 1.1. Therefore (3.13), (3.14) hold
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for simple functions. The general case is proved by approximating ϕ and f by an
increasing sequence of simple functions and applying the monotone convergence
theorem. Therefore (3.8) is proved. ❐

Under the stated additional assumptions the operator L satisfies the strict min-
imum principle (see e.g. [10, Chapter V]). Let y ∈ D+. Then y = y∗. Consider
the function u(x) = w(x)− v(x), x ∈ D+. Then u ≥ 0 on ∂(D+), by the first
part of the proof. Moreover, Lu = 0 in D+. By the strict minimum principle,
u ≥ 0; in particular

(3.15) v(y) ≤ w(y).
Similarly we prove that for y ∈ D−, we have

(3.16) v(y) ≤ w(ŷ).
Now (3.15) and (3.16) yield (3.9). The proof of (3.10) is similar.

Remarks B.
1. A comparison theorem, similar to Theorem 3.1, has been proved by F. Brock

and A.Yu. Solynin by a different method [6, Theorem 9.1, Remark 10.3].
They assume only boundedness of the coefficients a, b, c, and consider weak
solutions. On the other hand, Theorem 3.1 is stronger in other aspects: the
operator L is assumed only semi-elliptic; the coefficients need not be bounded;
the domainD need not be bounded; the boundary functionϕ is not identically
zero.

2. If the matrix a is positive definite, then we do not need the assumption (4);
see [12, Section 3.2].

3. If the domain D is bounded, then we do not need the assumption (6). We note
that condition (6) is much more general than the boundedness of D. If there
is a straight line ` such that the projection of D onto ` is bounded, then (6) is
fulfilled; see [12, Lemma 3.3.1].

4. If f is bounded, then the condition (7) becomes ExτD < ∞. This condition
(which holds for bounded D) has been studied by various authors; see [2] and
references therein.

5. Other possible versions of Theorem 3.1 may be obtained by using the remarks
and conditions in [12, Section 2.2].

6. One can prove symmetrization-comparison results using the polarization-
comparison Theorem 3.1. For a description of this method and references to
earlier work (on symmetrization) due to A. Baernstein, A. Alvino, P.L. Lions,
G. Trombetti, and others, we refer to [6].

7. In [6] one can also find results for parabolic equations obtained from the results
for elliptic equations via a standard approximation technique. Alternatively, we
can obtain such results using the inequality (1.6) and the fact that the transition
function is (under certain assumptions) the fundamental solution of a parabolic
equation.
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8. One can use Theorem 1.1 and the probabilistic interpretation of the solution
of mixed boundary value problems (reflected processes; see [12], [15]) to prove
comparison results for mixed problems.
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